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Ko¨nig et al. Reply: In a recent Letter [1] we de-
veloped a theory of carrier-induced ferromagnetism in
diluted magnetic semiconductors. We analyzed the ele-
mentary spin excitations at low temperatures, where spin
waves can be approximated as non-interacting Bose par-
ticles (“independent spin-wave theory”). In addition, we
proposed a simple ad hoc “self-consistent spin-wave” ap-
proximation for higher temperatures in order to demon-
strate the increasing inadequacy of mean-field theory
critical temperature estimates at high carrier densities.
Following Ref. [2], Yang et al. [3] use an equation-of-
motion approach under the Tyablikov decoupling scheme
to arrive at an alternative “self-consistent spin-wave” the-
ory. As we will show now, it is straightforward to rederive
this scheme within our formulation, and thereby provide
a clearer physical picture of the nature of their approxi-
mation.
The independent spin-wave theory describes small am-
plitude collective fluctuations of the magnetization, spin
waves with dispersion Ωp. It predicts for the thermal
average of the impurity-spin density
〈Sz〉 =
1
V
∑
|~p|<pc
{S − n(Ωp)} . (1)
The Bose function n(x) reflects the fact that the spin
waves are approximated by independent Bose particles.
It is known [4] that this equation yields the correct pref-
actor of the characteristic T 3/2-law.
A self-consistent spin-wave theory provides an approx-
imate theory of large amplitude magnetization fluctua-
tions, taking into account, for example, spin-quantization
constraints on boson occupation numbers.
Weiss mean-field theory, which is expected to be accu-
rate for a model with static long-range interactions, ne-
glects correlation and, hence, spin-wave dispersion, but
treats the problem self consistently. Then the constraint
on the number of spin waves per impurity spin (≤ 2S)
leads to 〈Sz〉 = cSBS(βSΩ) or, equivalently,
〈Sz〉 = c {S − n(Ω) + (2S + 1)n[(2S + 1)Ω]} (2)
where BS(x) is the Brillouin function, and Ω denotes
the energy of an uncorrelated spin flip, which is indepen-
dent of momentum ~p. The mean-field theory is closed by
specifying the dependence of Ω on 〈Sz〉 (it is Ω = Jpdn
∗
where n∗ is the free-carrier spin density). The second
Bose function in Eq. (2) is the correction term from spin
kinematics and rules out unphysical states. Due to the
neglect of correlation, Weiss mean-field theory can sub-
stantially overestimate the critical temperature [5]. It
fails to describe the low-temperature magnetization as
well.
A self-consistent spin-wave scheme ideally (i) reduces
to the independent spin-wave theory at low tempera-
tures, (ii) simplifies to Eq. (2) in the Ising limit, Ωp → Ω,
and (iii) yields a second-order phase transition by allow-
ing for the trivial solution 〈Sz〉 = 0.
At low temperatures the correction term in Eq. (2) is
negligible and Eq. (2) reduces to Eq. (1) if Ω is replaced
by an effective energy which accounts for the spin-wave
dispersion Ωp,
n(Ω) ≡
1
cV
∑
|~p|<pc
n(Ωp) (3)
(= Φ in the notation of Ref. [3]). In Ref. [1] we ob-
tained a self-consistent spin-wave scheme by using the
replacement Ω → Ωp in Eq. (2) and averaging over mo-
menta, (1/cV )
∑
|~p|<pc
. . .. This is equivalent to restrict
the number of spin waves per wave vector ~p and turns out
to be too restrictive at low temperatures, as we pointed
out in Ref. [1]. Nevertheless, requirements (ii) and (iii)
are still satisfied and the prefactor of the T 3/2-law is
only slightly changed. This approximation would com-
pletely fail in reduced-dimension systems as emphasized
in Ref. [3] but these are not of interest here [6].
Equation (3) of Ref. [3] is identical to Eq. (2) with Ω
determined by Eq. (3). Now all the requirements (i), (ii),
and (iii) are satisfied. The scheme proposed by Yang et
al. is, therefore, equivalent to Weiss mean-field theory
but with an effective (constant) spin-flip energy Ω which
accounts for correlation.
Finally, we note that in both self-consistent schemes,
the one in Ref. [1] and the one proposed in Ref. [3], not
only does the magnetization of the impurity spins vanish
at the critical temperature but, by construction, the po-
larization of the free carriers goes to zero as well. This is
not generally the correct physical picture. For example,
in the limit of low carrier densities, the local band polar-
ization of the free carriers remains finite even above Tc
[5] and neither scheme gives reliable Tc estimates.
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